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a b s t r a c t

A normalized analytic function f defined on the open unit disk in the complex plane is in
the class SL if zf0(z)/f(z) lies in the region bounded by the right-half of the lemniscate of
Bernoulli given by jw2 � 1j < 1. In the present investigation, the SL-radii for certain well-
known classes of functions are obtained. Radius problems associated with the left-half
plane are also investigated for these classes.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

Let An denote the class of analytic functions in the unit disk D :¼ fz : jzj < 1g of the form f ðzÞ ¼ zþ
P

k¼nþ1akzk, and let
A :¼ A1. Let S denote the subclass of A consisting of univalent functions. Let SL be the class of functions defined by

SL :¼ f 2 A :
zf 0ðzÞ
f ðzÞ

� �2

� 1

�����
����� < 1

( )
ðz 2 DÞ:

Thus a function f 2 SL if zf0(z)/f(z) lies in the region bounded by the right-half of the lemniscate of Bernoulli given by
jw2 � 1j < 1. For two functions f and g analytic in D, the function f is said to be subordinate to g, written
f ðzÞ � gðzÞ ðz 2 DÞ, if there exists a function w analytic in D with w(0) = 0 and jw(z)j < 1 such that f(z) = g(w(z)). In particular,
if the function g is univalent in D, then f(z) � g(z) is equivalent to f(0) = g(0) and f ðDÞ � gðDÞ. In terms of subordination, the
class SL consists of normalized analytic functions f satisfying zf 0ðzÞ=f ðzÞ �

ffiffiffiffiffiffiffiffiffiffiffi
1þ z
p

. This class SLwas introduced by Sokół and
Stankiewicz [20]. Paprocki and Sokół [10] discussed a more general class S�ða; bÞ consisting of normalized analytic functions
f satisfying j[zf0(z)/f(z)]a � bj < b, b P 1/2, a P 1.

Recall that a function f 2 A is starlike if f ðDÞ is starlike with respect to 0. Similarly, a function f 2 A is convex if f ðDÞ is
convex. Analytically, a function f 2 A is starlike or convex if the following respective subordinations hold:

zf 0ðzÞ
f ðzÞ �

1þ z
1� z

; or 1þ zf 00ðzÞ
f 0ðzÞ �

1þ z
1� z

:

Ma and Minda [6] gave a unified presentation of various subclasses of starlike and convex functions by replacing the super-
ordinate function (1 + z)/(1 � z) by a more general function u. They considered analytic univalent functions u with positive
real part that map the unit disk D onto regions starlike with respect to 1, symmetric with respect to the real axis and nor-
malized by u(0) = 1. They introduced the following classes that include several well-known classes as special cases:
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ST ðuÞ :¼ f 2 A :
zf 0ðzÞ
f ðzÞ � uðzÞ

� �
and CVðuÞ :¼ f 2 A : 1þ zf 00ðzÞ

f 0ðzÞ � uðzÞ
� �

:

For 0 6 a < 1,

ST ðaÞ :¼ ST ðð1þ ð1� 2aÞzÞ=ð1� zÞÞ; CVðaÞ :¼ CVðð1þ ð1� 2aÞzÞ=ð1� zÞÞ

are the subclasses of S consisting of starlike and convex functions of order a in D, respectively. Then
ST :¼ ST ð0Þ; CV :¼ CVð0Þ are the well-known classes of starlike and convex functions, respectively. Also let

ST nðaÞ :¼ An \ ST ðaÞ; CVnðaÞ :¼ An \ CVðaÞ; SLn :¼ An \ SL:

Since SL ¼ ST ð
ffiffiffiffiffiffiffiffiffiffiffi
1þ z
p

Þ, distortion, growth, and rotation results for the class SL can conveniently be obtained by applying the
corresponding results in [6].

The radius of a property P in a set of functionsM, denoted by RPðMÞ, is the largest number R such that every function in
the set M has the property P in each disk Dr ¼ fz 2 D : jzj < rg for every r < R. For example, the radius of convexity in the
class S is 2�

ffiffiffi
3
p

. Sokół and Stankiewicz [20] determined the radius of convexity for functions in the class SL. They also
obtained structural formula, growth and distortion theorems for these functions. Estimates for the first few coefficients of
functions in this class can be found in [21]. Recently, Sokół [22] determined various radii for functions belonging to the class
SL; these include the radii of convexity, starlikeness and strong starlikeness of order a. In contrast, in our present investi-
gation, we compute the SL-radius for functions belonging to several interesting classes. Unlike the radii problems associated
with starlikeness and convexity, where a central feature is the estimates for the real part of the expressions zf0(z)/f(z) or
1 + zf00(z)/f0(z), respectively, the SL-radius problems for classes of functions are tackled by first finding the disk that contains
the values of zf0(z)/f(z) or 1 + zf00(z)/f0(z). This approach was earlier used for the class of uniformly convex functions investi-
gated in [3–5,12–19]. The technical result required will be presented in the next section.

Another interesting class is MðbÞ; b > 1, defined by

MðbÞ :¼ f 2 A : Re
zf 0ðzÞ
f ðzÞ

� �
< b; z 2 D

� �
:

The classMðbÞ was investigated by Uralegaddi et al. [23], while its subclass was investigated by Owa and Srivastava [9]. We
letMnðbÞ :¼ An \MðbÞ. In the present paper, radius problems related toMðbÞwill also be investigated. Related radius prob-
lem for this class can be found in [1,2,11]. The following definitions and results will be required.

An analytic function p(z) = 1 + cnzn + � � � is a function with positive real part if Re p(z) > 0. The class of all such functions is
denoted by Pn. We also denote the subclass of Pn satisfying Re p(z) > a, 0 6 a < 1, by PnðaÞ. More generally, for
�1 6 B < A 6 1, the class Pn½A;B� consists of functions p of the form p(z) = 1 + cnzn + � � � satisfying

pðzÞ � 1þ Az
1þ Bz

:

Lemma 1.1 [7]. If p 2 Pn, then

zp0ðzÞ
pðzÞ

����
���� 6 2nrn

1� r2n
ðjzj ¼ r < 1Þ:

Lemma 1.2 [12]. If p 2 Pn[A,B], then

pðzÞ � 1� ABr2n

1� B2r2n

�����
����� 6 ðA� BÞrn

1� B2r2n
ðjzj ¼ r < 1Þ:

In particular, if p 2 Pn(a), then

pðzÞ � 1þ ð1� 2aÞr2n

1� r2n

����
���� 6 2ð1� aÞrn

1� r2n
ðjzj ¼ r < 1Þ:

2. The SLn-radius problems

In this section, three special classes of functions will be considered. First motivated by MacGregor [7,8], is the class

Sn :¼ f 2 An :
f ðzÞ

z
2 Pn

� �
:

For this class, we shall find its SLn-radius, denoted by RSLn ðSnÞ.
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Theorem 2.1. The SLn-radius for the class Sn is

RSLn ðSnÞ ¼
ffiffiffi
2
p
� 1

nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ ð

ffiffiffi
2
p
� 1Þ2

q
8><
>:

9>=
>;

1=n

:

This radius is sharp.

Proof. Let f 2 Sn. Define the function h by

hðzÞ ¼ f ðzÞ
z
:

Then the function h 2 Pn and

zf 0ðzÞ
f ðzÞ � 1 ¼ zh0ðzÞ

hðzÞ :

Applying Lemma 1.1 to the function h yields

zf 0ðzÞ
f ðzÞ � 1
����

���� 6 2nrn

1� r2n
:

Notice that if jw� 1j 6
ffiffiffi
2
p
� 1, then jwþ 1j 6

ffiffiffi
2
p
þ 1 and hence jw2 � 1j 6 1. Thus the disk jw � 1j 6 2nrn/(1 � r2n) lies

inside the lemniscate jw2 � 1j 6 1 if

2nrn

1� r2n
6

ffiffiffi
2
p
� 1:

Solving this inequality for r yields

r 6 R :¼
ffiffiffi
2
p
� 1

nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ ð

ffiffiffi
2
p
� 1Þ2

q
8><
>:

9>=
>;

1=n

:

To show that the above upper bound cannot be increased and so R is the SLn-radius for the class Sn, consider the function
f defined by

f ðzÞ ¼ zþ znþ1

1� zn
:

Clearly the function f satisfies the hypothesis of the theorem and

zf 0ðzÞ
f ðzÞ ¼ 1þ 2nzn

1� z2n :

At z = R, routine computations show that

zf 0ðzÞ
f ðzÞ

� �2

� 1

�����
����� ¼ 1þ 2nRn

1� R2n

� �2

� 1

�����
����� ¼ 1:

This proves that R is the SLn-radius for the class Sn and that the result is sharp. h

The following technical lemma will be useful in our subsequent investigations.

Lemma 2.2. For 0 < a <
ffiffiffi
2
p

, let ra be given by

ra ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p

� ð1� a2Þ
� 	1=2

ð0 < a 6 2
ffiffiffi
2
p

=3Þ;
ffiffiffi
2
p
� a ð2

ffiffiffi
2
p

=3 6 a <
ffiffiffi
2
p
Þ

8><
>:

and for a > 0, let Ra be given by

Ra ¼
ffiffiffi
2
p
� a ð0 < a 6 1=

ffiffiffi
2
p
Þ;

a ð1=
ffiffiffi
2
p
6 aÞ:

(
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Then

fw : jw� aj < rag# fw : jw2 � 1j < 1g# fw : jw� aj < Rag:

Proof. The equation of the lemniscate of Bernoulli is

ðx2 þ y2Þ2 � 2ðx2 � y2Þ ¼ 0

and the parametric equations of its right-half is given by

xðtÞ ¼
ffiffiffi
2
p

cos t

1þ sin2 t
; yðtÞ ¼

ffiffiffi
2
p

sin t cos t

1þ sin2 t
; �p

2
6 t 6

p
2

� 	
:

The square of the distance from the point (a,0) to the points on the lemniscate is given by

zðtÞ ¼ ða� xðtÞÞ2 þ ðyðtÞÞ2 ¼ a2 þ 2ðcos2 t �
ffiffiffi
2
p

a cos tÞ
1þ sin2 t

and its derivative is

z0ðtÞ ¼ 2
ð�4 cos t þ

ffiffiffi
2
p

að2þ cos2 tÞÞ sin t

ð1þ sin2 tÞ2
:

Clearly z0(t) = 0 if and only if

t ¼ 0 or cos t ¼
ffiffiffi
2
p
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p

Þ
a

:

Note that for a > 1, the numbers
ffiffiffi
2
p
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p

Þ=a are complex and for 0 < a 6 1, the number
ffiffiffi
2
p
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p

Þ=a > 1. For
0 < a < 1, the number

ffiffiffi
2
p
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p

Þ=a lies between �1 and 1 if and only if 0 < a 6 2
ffiffiffi
2
p

=3.
Let us first assume that 0 < a 6 2

ffiffiffi
2
p

=3 and t = t0 be given by

cos t0 ¼
ffiffiffi
2
p
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p

Þ
a

:

Since

minfzðp=2Þ; zð�p=2Þ; zð0Þ; zðt0Þg ¼ zðt0Þ;

it follows that min
ffiffiffiffiffiffiffiffi
zðtÞ

p
¼

ffiffiffiffiffiffiffiffiffiffi
zðt0Þ

p
. A calculation shows that

zðt0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p

� ð1� a2Þ:

Hence

ra ¼min
ffiffiffiffiffiffiffiffi
zðtÞ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p

� ð1� a2Þ
q

:

Let us next assume that 2
ffiffiffi
2
p

=3 6 a <
ffiffiffi
2
p

. In this case,

minfzðp=2Þ; zð�p=2Þ; zð0Þg ¼ zð0Þ

and thus z(t) attains its minimum value at t = 0 and

ra ¼min
ffiffiffiffiffiffiffiffi
zðtÞ

p
¼

ffiffiffi
2
p
� a:

Now consider 0 < a 6 1=
ffiffiffi
2
p

and t = t0 be given by

cos t0 ¼
ffiffiffi
2
p
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p

Þ
a

:

It is easy to see that

maxfzðp=2Þ; zð�p=2Þ; zð0Þ; zðt0Þg ¼ zð0Þ

and thus

Ra ¼max
ffiffiffiffiffiffiffiffi
zðtÞ

p
¼

ffiffiffi
2
p
� a:

Similarly, for a P 1=
ffiffiffi
2
p

,

maxfzðp=2Þ; zð�p=2Þ; zð0Þg ¼ zðp=2Þ
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and hence

Ra ¼max
ffiffiffiffiffiffiffiffi
zðtÞ

p
¼ a: �

Now consider the subclass CSnðaÞ consisting of close-to-starlike functions of type a defined by

CSnðaÞ :¼ f 2 An :
f
g
2 Pn; g 2 ST nðaÞ

� �
:

The SLn-radius for this class is given in the following theorem.

Theorem 2.3. The SLn-radius for the class CSnðaÞ is given by

RSLn ðCSnðaÞÞ ¼
ffiffiffi
2
p
� 1

ð1þ n� aÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ n� aÞ2 þ ð1� 2aþ

ffiffiffi
2
p
Þð

ffiffiffi
2
p
� 1Þ

q
0
B@

1
CA

1=n

This radius is sharp.

Proof. Let g be a starlike function of order a with hðzÞ ¼ f ðzÞ=gðzÞ 2 Pn. Then zg0(z)/g(z) is in PnðaÞ and from Lemma 1.2,

zg0ðzÞ
gðzÞ �

1þ ð1� 2aÞr2n

1� r2n

����
���� 6 2ð1� aÞrn

1� r2n
: ð2:1Þ

Applying Lemma 1.1 yields

zh0ðzÞ
hðzÞ

����
���� 6 2nrn

1� r2n
: ð2:2Þ

Now

zf 0ðzÞ
f ðzÞ ¼

zg0ðzÞ
gðzÞ þ

zh0ðzÞ
hðzÞ ð2:3Þ

and using (2.1)–(2.3), it follows that

zf 0ðzÞ
f ðzÞ �

1þ ð1� 2aÞr2n

1� r2n

����
���� 6 2ð1þ n� aÞrn

1� r2n
: ð2:4Þ

Since the center of the disk in (2.4) is greater than 1, from Lemma 2.2, it is seen that the points w are inside the lemniscate
jw2 � 1j 6 1 if

2ð1þ n� aÞrn

1� r2n
6

ffiffiffi
2
p
� 1þ ð1� 2aÞr2n

1� r2n
:

The last inequality reduces to ð1� 2aþ
ffiffiffi
2
p
Þr2n þ 2ð1þ n� aÞrn � ð

ffiffiffi
2
p
� 1Þ 6 0. Solving this latter inequality results in the

value of R ¼ RSLn ðCSnðaÞÞ.
The function f given by

f ðzÞ ¼ zð1þ znÞ
ð1� znÞðnþ2�2aÞ=n

satisfies the hypothesis of Theorem 2.3 with g(z) = z/(1 � zn)(2�2a)/n. It is easy to see that, for z ¼ R ¼ RSLn ðCSnðaÞÞ,

zf 0ðzÞ
f ðzÞ

� �2

� 1

�����
����� ¼ ½1þ ð1� 2aÞR2n þ 2ð1þ n� aÞRn�2

ð1� R2nÞ2
� 1

�����
����� ¼ 1:

This shows that the result is sharp. h

For �1 6 B < A 6 1, define the class

ST n½A;B� :¼ f 2 An :
zf 0ðzÞ
f ðzÞ 2 Pn½A;B�

� �
:

The class ST 1½A;B� is the well-known class of Janowski starlike functions. For the class ST n½A; B�, the SLn radius is investi-
gated in Theorems 2.4, 2.5, and 2.7; Theorem 2.4 investigates the conditions on A and B for the SLn radius to be 1 while The-
orems 2.5 and 2.7, respectively deal with the cases B 6 0 and B > 0.
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Theorem 2.4. Let �1 < B < A 6 1 and either (i) 1þ A 6
ffiffiffi
2
p
ð1þ BÞ and 2

ffiffiffi
2
p
ð1� B2Þ 6 3ð1� ABÞ < 3

ffiffiffi
2
p
ð1� B2Þ, or (ii)

ðA� BÞð1� B2Þ þ ð1� B2Þ2 6 ð1� B2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� B2Þ � ð1� ABÞ2

q
þ ð1� ABÞ2 and 2

ffiffiffi
2
p
ð1� B2ÞP 3ð1� ABÞ. Then ST n½A;B� � SLn.

Proof. Since zf 0 ðzÞ
f ðzÞ 2 Pn½A;B�, Lemma 1.2 gives

zf 0ðzÞ
f ðzÞ �

1� AB

1� B2

����
���� < A� B

1� B2 ðjzj < 1Þ: ð2:5Þ

Let a = (1 � AB)/(1 � B2), and suppose the two conditions in (i) hold. By multiplying the inequality 1þ A 6
ffiffiffi
2
p
ð1þ BÞ by the

positive constant 1 � B and rewriting, it is seen that the given inequality is equivalent to A� B 6
ffiffiffi
2
p
ð1� B2Þ � ð1� ABÞ. A

division by 1 � B2 shows that the condition 1þ A 6
ffiffiffi
2
p
ð1þ BÞ is equivalent to the condition ðA� BÞ=ð1� B2Þ 6

ffiffiffi
2
p
� a. Sim-

ilarly, the condition 2
ffiffiffi
2
p
ð1� B2Þ 6 3ð1� ABÞ < 3

ffiffiffi
2
p
ð1� B2Þ is equivalent to 2

ffiffiffi
2
p

=3 6 a <
ffiffiffi
2
p

. In view of these equivalences,
it follows from (2.5) that the quantity w = zf0(z)/f(z) lies in the disk jw � aj < ra where ra ¼

ffiffiffi
2
p
� a. Since 2

ffiffiffi
2
p

=3 6 a <
ffiffiffi
2
p

and
jw � aj < ra, Lemma 2.2 shows that jw2 � 1j < 1 or

zf 0ðzÞ
f ðzÞ

� �2

� 1

�����
����� < 1:

This proves that f 2 SLn. The proof is similar if the conditions in (ii) hold, and is therefore omitted. h

Theorem 2.5. Let �1 6 B < A 6 1, with B 6 0. Then the SLn-radius for the class ST n½A;B� is

RSLnðST n½A;B�Þ ¼min 1;
2ð

ffiffiffi
2
p
� 1Þ

ðA� BÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA� BÞ2 þ 4ð

ffiffiffi
2
p

B� AÞBð
ffiffiffi
2
p
� 1Þ

q
0
B@

1
CA

1
n

0
BB@

1
CCA:

In particular, if 1þ A <
ffiffiffi
2
p
ð1þ BÞ, then ST n½A;B�#SLn. Also the SL-radius for the class consisting of starlike functions is 3� 2

ffiffiffi
2
p

.

Proof. Since zf 0 ðzÞ
f ðzÞ 2 Pn½A;B�, Lemma 1.2 yields

zf 0ðzÞ
f ðzÞ �

1� ABr2n

1� B2r2n

�����
����� 6 ðA� BÞrn

1� B2r2n
:

Since B 6 0, it follows that

a :¼ 1� ABr2n

1� B2r2n
P 1:

Using Lemma 2.2, the function f satisfies

zf 0ðzÞ
f ðzÞ

� �2

� 1

�����
����� 6 1

provided

ðA� BÞrn

1� B2r2n
6

ffiffiffi
2
p
� 1� ABr2n

1� B2r2n
;

that is,

ð
ffiffiffi
2
p

B� AÞBr2n þ ðA� BÞrn � ð
ffiffiffi
2
p
� 1Þ 6 0:

Solving the inequality, we get r 6 RSLn ðST n½A;B�Þ. The result is sharp for the function given by f ðzÞ ¼ zð1þ BznÞ
A�B
nB for B – 0

and f(z) = z exp(Azn/n) for B = 0. Such function f satisfies the equation zf0(z)/f(z) = (1 + Azn)/(1 + Bzn), and therefore the function
f 2 ST n½A;B�. h

Remark 2.6. Let B < 0. Then 1 � B2
6 1 � AB and therefore 2

ffiffiffi
2
p
ð1� B2Þ 6 3ð1� ABÞ. Also the inequality 1þ A <

ffiffiffi
2
p
ð1þ BÞ

yields
ffiffiffi
2
p
ð1� B2Þ > ð1� AÞð1� BÞ ¼ 1þ A� B� AB > 1� AB. Thus 2

ffiffiffi
2
p
ð1� B2Þ 6 3ð1� ABÞ < 3

ffiffiffi
2
p
ð1� B2Þ. In the case

B < 0, Theorem 2.5 shows that the inequality 1þ A <
ffiffiffi
2
p
ð1þ BÞ is sufficient to deduce the inclusion ST n½A;B�#SLn.
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Theorem 2.7. Assume that f 2 ST n½A;B� and 0 < B < A 6 1. Let R1 be given by

R1 ¼
3� 2

ffiffiffi
2
p

ð3A� 2
ffiffiffi
2
p

BÞB

 !1=ð2nÞ

and let R2 be the number RSLn ðST n½A;B�Þ as given in Theorem 2.5. Let R3 be the largest number in (0,1] such that

ðA� BÞrnð1� B2r2nÞ þ ð1� B2r2nÞ2 � ð1� ABr2nÞ2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� B2r2nÞ2 � ð1� ABr2nÞ2

q
6 0

for all 0 6 r 6 R3. Then the SLn-radius for the class ST n½A; B� is given by

RSLn ST n½A;B�ð Þ ¼
R2 ðR2 6 R1Þ;
R3 ðR2 > R1Þ:

�

Proof. From the proof of the previous theorem, it follows that the quantity w = zf0(z)/f(z) lies in the disk jw � aj 6 R, where

a :¼ 1� ABr2n

1� B2r2n
; R ¼ ðA� BÞrn

1� B2r2n
:

The SLn-radius is computed by finding the largest radius such that the boundary of the disk jw � aj < R touches the lemnis-
cate jw2 � 1j = 1. When r increases from 0 to 1, the center of the disk moves from a = 1 to a = (1 � AB)/(1 � B2) < 1. Depending
on R, the largest disk may touch the lemniscate at ð

ffiffiffi
2
p

;0Þ or at two symmetrically placed points. The conditions for these two
cases are given in Lemma 2.2. Note that the numbers R1, R2 and R3 are determined so that r 6 R1 if and only if

a P 2
ffiffiffi
2
p

=3; r 6 R2 if and only if R 6
ffiffiffi
2
p
� a; and r 6 R3 if and only if R 6 ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p

� ð1� a2ÞÞ1=2.
First consider the case R2 6 R1. Since r 6 R1 is equivalent to a P 2

ffiffiffi
2
p

=3, for 0 6 r 6 R2, it follows that a P 2
ffiffiffi
2
p

=3. From
Lemma 2.2, the SLn -radius satisfies the inequality R 6

ffiffiffi
2
p
� a. This shows that f 2 SLn in jzj 6 R2.

Assume now that R2 > R1. In this case, since r P R1 if and only if a 6 2
ffiffiffi
2
p

=3, for r = R2, then a 6 2
ffiffiffi
2
p

=3. Lemma 2.2 shows

that f 2 SLn in jzj 6 r if R 6 ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p

� ð1� a2ÞÞ1=2; or equivalently if r 6 R3.
To prove sharpness, consider the function given by f0ðzÞ ¼ zð1þ BznÞ

A�B
nB if B – 0, and f0(z) = z exp (Azn/n) if B = 0. Then

{zf0(z)/f(z): jzj < r} = {w: jw � aj < R}, where a and R are given above, which establishes sharpness of the result. h

3. The MnðbÞ-radius problems

In this section, we compute the MnðbÞ-radii for the classes Sn and CSnðaÞ.

Theorem 3.1. The MnðbÞ-radius of functions in Sn is given by

RMnðbÞðSnÞ ¼
b� 1

nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ ðb� 1Þ2

q
2
64

3
75

1=n

:

Proof. Since hðzÞ ¼ f ðzÞ=z 2 Pn, Lemma 1.1 yields

zf 0ðzÞ
f ðzÞ � 1
����

���� ¼ zh0ðzÞ
hðzÞ

����
���� 6 2nrn

1� r2n
:

Therefore

Re
zf 0ðzÞ
f ðzÞ 6

1þ 2nrn � r2n

1� r2n
6 b

for r 6 RMnðbÞðSnÞ.
The result is sharp for the function

f ðzÞ ¼ zð1þ znÞ
1� zn ;

which satisfies the hypothesis of Theorem 3.1. h

For the class CSnðaÞ, the following radius is obtained.
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Theorem 3.2. The MnðbÞ-radius of functions in CSnðaÞ is given by

RMnðbÞðCSnðaÞÞ ¼
b� 1

ð1þ n� aÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ n� aÞ2 þ ðb� 1Þð1þ b� 2aÞ

q :

Proof. Define the function h by

hðzÞ :¼ f ðzÞ
gðzÞ :

Then h 2 Pn and by Lemma 1.1,

zh0ðzÞ
hðzÞ

����
���� 6 2nrn

1� r2n
: ð3:1Þ

Since g 2 ST nðaÞ, it follows that zg0(z)/g(z) is in PnðaÞ and therefore, by Lemma 1.2,

zg0ðzÞ
gðzÞ �

1þ ð1� 2aÞr2n

1� r2n

����
���� 6 2ð1� aÞrn

1� r2n
: ð3:2Þ

Since

zf 0ðzÞ
f ðzÞ ¼

zg0ðzÞ
gðzÞ þ

zh0ðzÞ
hðzÞ ;

in view of (3.1) and (3.2), it is seen that

zf 0ðzÞ
f ðzÞ �

1þ ð1� 2aÞr2n

1� r2n

����
���� 6 2ð1þ n� aÞrn

1� r2n
:

This represents a circular disk intersecting the real axis at

x0 ¼
1� 2ð1þ n� aÞrn þ ð1� 2aÞr2n

1� r2n
and x1 ¼

1þ 2ð1þ n� aÞrn þ ð1� 2aÞr2n

1� r2n

and therefore

Re
zf 0ðzÞ
f ðzÞ 6

1þ 2ð1þ n� aÞrn þ ð1� 2aÞr2n

1� r2n
6 b

for r 6 R.
The function

f ðzÞ ¼ zð1þ znÞ
ð1� znÞðnþ2�2aÞ=n

satisfies the hypothesis of Theorem 3.2 with

gðzÞ ¼ z

ð1� znÞð2�2aÞ=n :

Since

zf 0ðzÞ
f ðzÞ ¼

1þ 2ð1þ n� aÞzn þ ð1� 2aÞz2n

1� z2n ¼ b

for z ¼ R ¼ RMnðbÞðCSnðaÞÞ, the result is sharp.
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